We present a TCAD compatible multiscale model of phonon-assisted band-to-band tunneling (BTBT) in semiconductors, that incorporates the non-parabolic nature of complex bands within the bandgap of the material. This model is shown capture the measured current-voltage data in silicon, for current transport along the [100], [110] and [111] directions. Our model will be useful to predict band-to-band tunneling phenomena to quantify on and off currents in Tunnel FETs and in small geometry MOSFETs and FINFETs.
I. INTRODUCTION
The on-current in Tunnel FETs and gate induced offstate drain current in small geometry MOSFETs are due to the tunneling of electrons between valence and conduction bands. This work deals with the process of phonon-assisted band-to-band tunneling (BTBT) across an indirect bandgap. One approach to compute phononassisted BTBT current is based on the Non-Equilibrium Green's function (NEGF) technique, for e.g. Refs. 1 and 2 using a basis of atomic orbitals. Electron transport is not ballistic, since scattering due to phonons is the driving force for BTBT current. The atomistic NEGF approach, though rigorous and accurate, requires the use of supercomputers 3 to simulate realistically sized devices, especially when the effect of electron-phonon coupling 4 is included. More efficient quantum transport algorithms such as the Wavefunction Method 5 cannot be used since scattering is present. An alternate approach is to use the conventional drift-diffusion equations of semiconductor transport with a suitably calibrated model (eg. Refs. [6] [7] [8] describing the process of tunneling. Most commercially available semiconductor device simulators (TCAD) are based on this latter approach.
BTBT occurs via evanescent states corresponding to the conduction and valence bands. The properties of evanescent states are described by the complex bandstructure of the material. TCAD compatible models for BTBT in an indirect bandgap semiconductor 9-13 use a simple parabolic approximation for the complex bandstructure within the bandgap, since the curvatures of the real and complex bands are identical at the band extrema 14, 15 . However, this approximation can introduce large errors in BTBT currents, since the tunneling a) arvindajoy@iitm.ac.in b) laux@us.ibm.com c) kotamurali@in.ibm.com d) karmal@ee.iitm.ac.in current depends exponentially on the action for tunneling, which in turn depends on the complex bandstructure over the entire bandgap, not merely at the band extrema (see Ref. 16 and Section IV). A first attempt to include the effect of non-parabolic complex bands to compute BTBT across an indirect bandgap 7 ignored the role of phonons, and used the Esaki-Tsu formula 17 meant for electron tunneling between conduction bands, leading to a prefactor which is independent of the valence band effective mass. We present a physically consistent, multiscale model that incorporates both the non-parabolicity of the complex bands and the physics of the electronphonon interaction. The non-parabolicity is captured using energy dependent effective masses 7 , which connect a computation carried out on an atomistic scale (using an sp 3 d 5 s * tight binding scheme) with a tunneling model that is formulated using effective mass wave functions describing much larger length scales. Our model is symmetric with respect to the valence and conduction band parameters. This model can easily be implemented in a conventional TCAD tool. Finally, our model is shown to capture the measured current-voltage data 18 in silicon for current transport along the [100], [110] and [111] directions. This paper is organized as follows. In section II, we describe and derive the multiscale BTBT model. Section III compares the results of our model with experimental data. Section IV demonstrates the inadequacy of using a parabolic approximation to the complex bands while computing BTBT currents. Section V summarizes the important conclusions. Finally, the appendices provide supplementary information that will be useful to implement our model.
II. MODEL
Our approach is motivated by a combination of Refs. 7, 10, and 19. We restrict our attention to a 1-D problem. For definiteness, let x represent the transport di- 20 . It is useful to note that this modified WKB form can be derived from a transfer matrix method 21 by ignoring reflections. Finally, based on this insight, we use the transfer matrix method to correct for errors caused by the WKB based approach. Note that we do not consider the nonparabolic nature of real energy bands in this work. This allows a simple evaluation of integrals corresponding to the density of states involved in tunneling. We believe that this is a reasonable approximation while computing BTBT currents, since the density of states scales as ∼ mass 1.5 , unlike the tunneling probability which depends exponentially on the effective masses of the complex bands, via the action for tunneling.
We begin by extracting energy dependent effective masses m V B (E), m CB (E) of the imaginary parts of the valence and conduction bands from a computation 22, 23 of the direction-dependent complex bandstructure k (E; k ⊥ ) in an sp 3 d 5 s * tight binding scheme. The valence band maxima are assumed to be at k = 0 to simplify the description that follows. Note that k is parallel or antiparallel to the transport direction, and k ⊥ is chosen by projecting the positions of all the conduction band valleys onto the k = 0 plane; k is the magnitude of k . Note also that we have flipped the definitions of ⊥ and as used in Refs. 22 and 23, in order to remain consistent with Ref. 10 . For each valence band, there are as many tunneling paths as there are conduction valleys, each tagged by a different value of k ⊥ . Within the bandgap E V B max < E < E CB min , we extract the masses using the definitions Im[k (E; 0)] = 2m V B (E; 0)(E − E V B max )/ and Im[k (E; k ⊥ )] = 2m CB (E; k ⊥ )(E CB min − E)/ for the imaginary valence and complex conduction bands constituting a tunneling path. Near the band edges, the masses are extracted from the curvature of the bands. Fig. 1 shows the energy band diagram of a p-n diode for a general case of non-uniform (and possibly degenerate) doping. We consider a large enough tunneling window so that tunneling current computed is independent of its extent. Following Ref. 10 (also see Table  1 , Appendix A), the electronic wavefunction is written as ψ(x, y, z) = u x (x)u y (y)u z (z), where u y (y), u z (z) are plane waves with position-independent effective masses m y , m z . The extent of the device in y, z directions is denoted by l y , l z . An additional subscript v, c is used to denote quantities on the p, n sides of the junction respectively. Beyond the classical turning points (x < a, x > b), u x (x) is also assumed to be a plane wave. However, we modify the x dependent part of the wavefunctions (u vx , u cx for an electron in the valence and conduction bands respectively) within the region a < x < b to include the effect of a position dependent effective mass and write
where
Here, k 0vx , k 0cx refer to the positions of the band extrema; l vx , l cx are the lengths of the regions outside the tunneling window on the p and n sides respectively (see Fig. 1 ); m vx , m cx are the effective masses at the band edges; and m vx (x), m cx (x) refer to the position dependent effective masses within the bandgap, obtained from m V B (E), m CB (E) respectively. The terms k vx − k 0vx , k cx − k 0cx are understood to be evaluated at x = a − and x = b + respectively. Note that the products m cx m cy m cz and m vx m vy m vz remain invariant of the transport direction 24 . We now follow the procedure used in Ref. 10 . The essential differences are presented below. A detailed derivation is provided in Appendix B.
The combined wavefunction of the electron-phonon system is written as |i = |ψ i ·|. . . n i q,µ . . . , where i = c, v and n i q,µ gives the occupation number of the phonon mode µ with wavevector q. The electron-phonon interaction Hamiltonian 10 is
where a † q,µ , a q,µ are phonon destruction, creation operators and M q,µ is the strength of the electron-phonon interaction. From Ref. 25 , M q,µ = 2ρsωq D q,µ , where ρ s is the density of the semiconductor, and D q,µ is the intervalley deformation potential. ω q is energy of the phonon and Ω is the volume of the device ≈ (l cx +l vx )l y l z . There are four processes to be modeled in order to compute BTBT current -phonon emission or absorption (denoted e/a) driving the transfer of an electron either from the valence to the conduction band (denoted v → c) or from the conduction to the valence band (c → v). Since W e−ph is Hermitian, | c|W e−ph |v | 2 = | v|W e−ph |c | 2 ; i.e. given electronic states with energies E v , E c (that are assumed to be appropriately filled/empty to allow electron transfer) and phonon occupations n v q,µ , n c q,µ , the transfer {v → c; e} is equally likely as {c → v; a} within the framework of Fermi's golden rule. For want of a better alternative, we seek to replace the phonon occupation numbers by their expectation values given by the Bose-Einstein distribution. In doing so, it is important to recognize the subtle point that one cannot set both n v q,µ , n c q,µ to be equal to N q,µ , the expectation value. We thus set n v q,µ = N q,µ for a v → c transfer and n c q,µ = N q,µ for a c → v transfer. The implicit assumption is that there exists a quick phonon relaxation process (not modeled by our Hamiltonian) that drives the phonon population to its equilibrium value after the electron transfer.
Consider first the processes {v → c; e/a}. We then have the electron phonon interaction as
The overbar in eq. (3) indicates the use of the expectation value N q,µ for the phonon occupation number. The # in eq. (3) specifies the condition q y = ±(k vy − k cy ),
This condition is obtained from the fact for example that exp(ι(q y − (k cy − k vy )))dy = l y δ qy ,kcy−kvy and the assumption that M q,µ is weakly dependent on q. The upper (lower) sign in ± in eqs. (3), (4) corresponds to the first (second) process in e/a (i.e phonon emission/absorption) in the transfer of an electron from the valence band to the conduction band. The integral involving e −f e/a (x) is next evaluated using the saddle point method. Extending x to the complex plane w, we have
with df e/a (wσ) dw = 0. The prefactor α c (x)α v (x) in the integral is approximated with its value at the saddle point.
Next consider the processes {c → v; e/a}, leading to
The ′ denotes the reversal of the transfer direction. #
Using the Hermiticity of W e−ph , we can show that |R e/a | = |R ′ a/e | for a given pair of energies E v , E c and phonon energy ω q,µ . This relationship allows us to describe all the four processes in terms of quantities derived for the two {v → c; e/a} processes.
We now derive the net number of electrons, N t , transferred per unit time from v → c (including spin) using Fermi's golden rule. As mentioned earlier, each pair of intersecting complex valence and conduction bands constitutes a tunneling path. Based on the symmetry of the crystal, there can be a multiplicity of ν p different values of k within the first Brillouin zone (and hence ν p tunneling paths) that give the same complex bands k ⊥ (E; k ) (see Appendix C). Denoting R e/a evaluated in eq. (5) along tunneling path p as R e/a,p , we have
where f v (E v ), f c (E c ) are the Fermi functions evaluated on the two sides. As described in Appendix B, the current density J = −eN t /l y l z is then
with T (E vx ) = e −Λ , Λ = 2
where the crossover point x p 0 is a solution of
and U (b 0 ) = E vx − (E g ± ω). The scaling factor
and the * refers to the condition q x = ±(k The expression in eq. (8) is symmetric with respect to the conduction and valence band masses. The term T (E vx ) = e −Λ is independent of E c⊥ , E v⊥ and is similar in spirit to the transmission coefficient T (E x ) computed with a transfer matrix method in Ref. 7 . To correct for errors introduced by neglecting reflections 21 in assuming the WKB forms eq. (1a) and eq. (1b), we use the transfer matrix method to compute the term equivalent to T (E vx ). We also include the velocity ratio (k cx − k 0cx )m vx /(k vx − k 0vx )m cx in the formula for T . We find that the inclusion of the transfer matrix method changes the current by a factor approximately between 1 − 2 (see Appendix D). The deviation between a WKB calculation and more accurate computational methods is known to be dependent on doping (and hence electric field). A similar trend of WKB underestimating the tunneling probability, as observed here, has been reported in Ref. 26 (in the case of BTBT in a direct bandgap material for moderate doping, see Fig. 6 (c) therein) and Ref. 27 (in the case of tunneling through a triangular barrier).
III. RESULTS
We now test our model against experimental data TCAD code pyEDA 28 . We also modify the pyEDA code to include the effects of degenerate doping and incomplete ionization of dopants. Information regarding the phonon energies, modes and electron-phonon deformation potentials are taken from Ref. 29 . Owing to the conservation condition * in eq. (8), we only require the phonon modes along the ∆ ≡ Γ − X direction in silicon. Fig. 2 at the band edges. Fig. 3 shows that the results of our model agree very well with the experimental data. We have assumed a bandgap E g = 0.92 eV , corresponding to a bandgap narrowing of ∼ 0.2eV , by fitting the results of our model with the experimental data (We found this to be a better strategy than calculating the bandgap narrowing apriori, since the value of bandgap narrowing is dependent on doping, which is non-uniform for the devices we have considered here. The model for BTBT that we have derived assumes a uniform bandgap.) This value of narrowing is consistent with studies on bandgap narrowing in space charge regions 31, 32 for the doping levels considered here. Further, based on a result obtained using k · p theory 33 that m ∝ E g , we have scaled all the effective masses by the factor E g /E g0 , where E g0 is the bandgap for moderate doping. At low values of reverse bias, our model underestimates the experimentally observed value of current (for e.g., for transport along [100], at V bias = 0.25V , I expt. ≈ 3 × 10 −4 A/cm 2 whereas I model ≈ 4.7 × 10 −5 A/cm 2 ). It is likely that some other mechanism of current transport (such as tunneling via traps, or SRH recombination via traps) could possibly explain the difference between our simulations and experimental data at small values of reverse bias (see for e.g. Fig. 7 of Ref. 12). It is possible that the trap distribution/energies are different in the experimental samples that we have compared our model against for transport along the different directions, leading to a better match between the experimental data and the model for the [110] direction. A detailed analysis of this deviation could be the focus of future work.
IV. ERROR DUE TO PARABOLIC APPROXIMATION OF COMPLEX BANDS
We now demonstrate the inadequacy of using a parabolic approximation to the complex bandstructure while computing BTBT currents. Fig. 4(a) Fig. 4(b) ; the errors due to a parabolic approximation with respect to the sp 3 d 5 s * results are indicated in Fig. 4(a) . Note that the error is largest along the [111] direction. A simple result for the transmission (setting the phonon energy to 0, assuming a uniform field F , and using a WKB approximation) gives 16 T = νe −2A/eF , where ν is the multiplicity of tunneling paths. As indicated in Fig. 4(b) , the parabolic approximation underestimates the tunneling current by a factor of 44. 
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[111] the results of using the parabolic approximation in our BTBT model (as usual, T (E vx ) is computed using transfer matrices). We use the same bandgap (and scaling of masses) as in Fig. 3 . Clearly, the parabolic approximation does not capture the measured data. Fig. 4(a) , where error in the action for tunneling along the [111] direction is significantly greater than that along the [100] direction.
V. CONCLUSION
In conclusion, we have presented a multiscale model for phonon assisted BTBT that accounts for the complex bandstructure within the bandgap of an indirect semiconductor. We have shown that the predictions of this model compare very well with experimental data for BTBT in silicon along different orientations. We have shown that including the effect of non-parabolic complex bands is important to capture the correct difference between tunneling currents observed along the [100], [110] and [111] directions. The framework presented here can be used to modify Tanaka's results 10 on BTBT across a direct bandgap to include the effect of an energy dependent effective mass. Such an extension will find application in treating BTBT in materials such as germanium, where the direct bandgap is only about 0.15 eV larger than the indirect bandgap. 
Region
Wavefunction Energy ψv(x, y, z) = uvx(x)uvy(y)uvz(z)
and Ψ c (x, y, z) = u cx (x)u cy (y)u cz (z) for an electron in the valence and conduction bands respectively. The extents of the device in the y, z directions are l y , l z . As shown in Fig. 1 , the component of the energy of an electron corresponding to its motion in the yz plane is designated E v⊥ in the valence band and E c⊥ in the conduction band. Note that E v⊥ , E c⊥ ≥ 0. Further, following Ref. 10, u vy , u cy and u vz , u cz are plane waves. On the other hand, u vx and u cx are assumed to be plane waves outside the classical turning points (i.e. x < a and x > b). This corresponds to making the approximation (see Fig. 1(b) of Ref. 10 ) that the energy bands are flat until x = a − (with the valence band edge at E max ) and beyond x = b + (with the conduction band edge at E min ). Table I summarizes the expressions for the wavefunctions and energies in different regions.
[110] where the summation over q x has also been converted to an integral. E cx is eliminated from eq. (B1) due to the delta function. Further simplification requires making the assumption that only states with small values of E c⊥ , E v⊥ and hence E ⊥ = E c⊥ + E v⊥ contribute significantly to tunneling. Tanaka with C j = K j m j+1 + K j+1 m j and D j = K j m j+1 − K j+1 m j . K j is defined in Fig. 6(a) ; m j is similarly evaluated from m vx (x) or m cx (x), based on whether the wavevector corresponds to the valence or conduction bands respectively. Note that E cx = E vx ∓ ω for the situation Q e/a = 0, E ⊥ = 0 described in eq. (B3). The transmission T (E vx ) is then
, where (D2a)
Also note that K 0 ≡ k vx − k 0vx and K N ≡ k cx − k 0cx based on the assumption that the energy bands are flat outside the classical turning points.
A comparison of using the transfer matrix method to compute T (E vx ) instead of using the WKB result T (E vx ) = e −Λ in eq. (8) is shown in Fig. 6(b) . The transfer matrix method predicts a higher current over most of the bias range.
